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Abstract 
Poly-crystalline plasticity has been formally modeled in [1], [2] using a globally Regularized Schmid Law at the 
aggregate scale. The description of multi-planar slip as a Multi-Laminate-like structure was shown likely to allow the 
simplifying use of the Transformation Field Analysis as homogenization framework. So far, numerical simulations of 
the relevancy of this model both for heterogeneous single crystals and for poly-crystals have only been reported for 
2D situations of limited sets of pseudo crystals, each restricted to bi-planar slip at most. The present work reports a 
“full-size” application of this modeling for 3D aggregates of FCC crystalline domains which confirms that the 
modeling scheme provides a relevant estimate for the overall plastic behavior of poly-crystals.  
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1. Introduction 
In order to describe the plastic flow of single crystals under the rate-independent hypothesis and without 
referring to multiple plastic potentials, a regularized form of the Schmid Law for slip has been proposed 
in [3], [4], [5]. Its extension from single crystal to poly-crystal plastic flow has been first considered in 
[6], [7] under the extremal assumptions of stress or of strain uniformity and then in [1], [2] within a more 
general homogenization framework of the affine type [8], [9]. In counterpart to this introduced new 
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complexity, the description given to the microstructure in [1], [2] has been made consistent with the 
required conditions to make use of the Transformation Field Analysis (TFA) framework [10], [11]: 
namely, the prerequisite of a partition of the material into plastically homogeneous domains [12], [13] has 
been satisfied by assuming that multi-planar slip can be seen as arranged into multi-laminate-like 
structures, the layers of which have “almost everywhere” uniform stress and (total and plastic) strain 
fields. However, in this particular context of crystal plasticity, it has been shown [14] that multi-laminate 
descriptions rapidly face complexity for restituting the corresponding micro-structural evolutions. One 
major interest of the proposed modeling is based on an orthogonality property pointed in [1] and holding 
for the intra-crystalline multi-planar slip first: for laminate layers that are taken parallel to one slip plane 
orientation or normal to a slip direction, the corresponding contributions to the TFA-due over-stiffness 
cancel.  
The introduction of such multi-laminate structures to describe crystallographic slip enabled an extension 
of the proposed modeling to poly-crystals, using the fact that the modified Green operator integral 
representative of a poly-crystal grain shape was similar, in discrete form of its so-called polar 
decomposition, to the operator of a multi-laminate structure. 
A radical simplifying of this modeling to poly-crystals then results from regarding the plastic 
heterogeneities as defined in terms of a weighted orientation distribution of the facets that constitute the 
grain boundaries and sub-boundaries down to the cell structure rather than from a partition into grains. 
This interpretation appearing excessive when going towards very small grains, a “graded” modeling has 
been finally introduced [2] that is made grain size dependent and consistent with the proposed 
interpretation down to ultra-finely grained poly-crystals. All previously reported illustrations of the model 
having been restricted to 2D pseudo crystal structures with a limited set of pseudo slip systems, the 
present contribution is devoted to report a “full size” illustration of the modeling for the FCC structure 
case, in the case of (111)<110> slip type. The section 2 summarizes the model and the section 3 illustrates 
the FCC application for tensile loading. 
 
Nomenclature
Σ , Ε , PΕ  current overall stress, total strain and plastic strain tensors for the poly-crystal  
Σd , Εd ,  incremental overall stress, total strain and plastic strain tensors for the poly-crystal PdΕ
Jβσ , ,  current stress, total strain and plastic strain tensors in domain α of grain I  Jβε JPβε
Jd βσ , ,  incremental stress, total strain and plastic strain tensors in domain α of grain I Jd βε JPd βε
)k( Jβγ ,   current and incremental slip on system g in domain α of grain I )k( Jd βγ
)g(αIτ ,   current and incremental resolved shear stress on system g in domain α of grain I )g(αIdτ
)g( Iα
cτ ,   current and incremental critical shear stress on system g in domain α of grain I 
)g( Iα
cdτ
IαB ,  stress concentration and influence tensors in grains I from poly-crystal scale IJF
(I)αB ,  stress concentration and influence tensors in domains α(I) from grain I scale (I)(I)βαF
it' , , modified stress Green operator integral in ellipsoid i and in ω and plane π  laminate ( )ωPt' πt'
hgk, hgIkJ  physical hardening matrix in crystals and inter granular extension for poly-crystals 
HgIkJ  effective hardening matrix for poly-crystals including strain accommodation 
H0Σ  overall effective hardening modulus for fully applied stress tensor on the poly-crystal 
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2. Regularized Poly-crystal Plasticity modeling with laminate-like multi-planar slip description 
2.1. Globally regularized plasticity scheme at the poly-crystal scale  
We start from considering homogeneous crystalline domains in which plastic flow results from 
crystallographic glide on N slip systems defined by a pair of orthogonal unit vectors  and , 
respectively normal to the slip plane and parallel to the slip direction. For any perfect crystalline domain 
I, we introduce the slip system Schmid tensors defined by , with "{}” 
standing for "symmetric part of" and 
gn
} tg(I)
gm
{ g(I)g(I)g(I) RnmR =⊗=
tR  for the transpose of R . We note ³−= V x(r
1 d)V rx  and 
. So doing, the Regularized Schmid Law globally applied to aggregates of possibly 
heterogeneous grains corresponds to a global single plastic potential  which reads:   
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In eq. (1), if “I” represents a sum over grains in concentration  and if the interior summation over g(α(I)) 
runs over a slip system set, the intermediate sum over α(I) can stand for different descriptions of grain 
partition or of intra-crystalline heterogeneous plasticity, including the here disregarded possibility of 
twinning in the grains. Whatever are the specific morphologies of these two levels of heterogeneity, if we 
consider a stepwise affine approximation for the homogenization of the non linear behavior of the 
aggregate of concern [9], the current stress  in the sub-domain  can then be written as: 
If
(I)ασ )I(α
  =(I)ασ ( ) ¦¦
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ββαα ++
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(I)*(I)(I)
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*JIJ
*
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*
(I)
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** :: εΣ FB =  (2), I
ασ
with  = Iσ ¦+ J *JIJ*JI* :f: εΣ
)FB  = ¦+ J *JIJ*I* :: εΣ
)FB  and  
respectively the effective stress and the effective eigen-strain in the heterogeneous domains I and J. In eq. 
(2) we have introduced the notations: 
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The asterisks indicate that the current affine approximation refers, in each homogeneous non linear sub-
domain α(I), to a linear comparison material of moduli. With denoting the mean total strain 
over sub-domain α(I), and with  the corresponding mean stress, the linearization 
procedure results from the first  order Taylor’s expansion: 
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where   , )( (I)0
(I)(I)
0
ααα
= εσσ ( ) 1(I)*(I)
(I)
(I)
* (I)
0
−α
α
α
α
=
∂
∂
= α SC εε
σ
 and .  (I)0
(I)
*
(I)
0
(I) : αααα∗ −= σεε S
The stress concentration and influence tensors in eqs (2,3) depend on the current tangent elastic-plastic 
moduli of the material according to the implicit Self-Consistent scheme. 
The current applied resolved shear stress (ARSS) on a slip system g in a domain α(I) reads  = 
 =  =  , say from eq. (2):  
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According to eq. (1), the consistency condition for the plastic flow reads: 
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In eq. (6b), the modulus 
))k(g( JIH~ βαΣ  takes the two-part form: 
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The evolution of the critical resolved shear stress (CRSS)  on each slip system of each sub-domain 
due to dislocation interaction mechanisms is taken at the slip system scale of the form:  
)g(
c
Iατ
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such that  at any instant of the load, while slip systems of different kinds t possibly have 
different initial thresholds . When considering a local hardening law, the only non zero terms in the 
hardening matrix [  are for α(I)=β(J). For a totally homogeneous medium, one has  and 
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gkH~ Σ  . In the simplest case where the parameters are updated after each iteration, eq. (7) simplifies into: 
 
))k(g( JIH~ βαΣ  =  ( )k(**)g()g(
c
)g(
))k(g( JJII
I
I
JI ::h ββαα
α
α
βα
−¸¸
¹
·
¨¨
©
§
¸¸
¹
·
¨¨
©
§
τ
τ RFR )   (10). 
This affine-like formulation demands a stepwise iterative estimate for the current linear comparison 
moduli of each phase , in addition to the iterative Self-Consistent procedure.  The 
simplifying use of the Transformation Field Analysis (TFA) framework [12], [15] is allowed provided a 
current description of the material as an assemblage (in the sense of a statistical combination) of 
plastically homogeneous domains. The TFA method of homogenization amounts to considering the local 
Hooke’s elastic law as the current local linear comparison material. Then, in plastically homogeneous 
domains  of uniform elasticity moduli  and with uniform plastic strain , the mean 
stress  over   reads:  
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The plastic strains of the domains JPβε J(J) β=β are the uniform eigen-strains  of eq. (2), the stress 
concentration and influence tensors without star in eq. (11) correspond to  and eq. (8c) 
becomes 
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=γ= RP J ,βεR . Eq. (3) still holds (without asterisks) when at the two different 
levels, the influence operators do not correspond to same phase arrangements or morphologies. According 
to these two levels, the two contributions of the stress influence operators from eq. (3) read: JIβαF
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The operators  and   in eq. (12) are obtained from the strain modified Green operator integral of 
congruent ellipsoidal grains denoted  =  and from its dual stress counterpart 
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)= .  Similar relations hold for  in eq. (12), if all the sub-domains are congruent and 
ellipsoidal, what includes laminate layers as equivalent to infinitely flat spheroids. The incremental macro 
stress reads   = 
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Solving eq. (5) for  fully applied, the tangent plastic compliance tensor  takes the form: PL
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Solving eq. (5) for  fully applied leads to the matrix Ed [ ] [ ]MCM ::H~H~ effE +Σ= . Intermediate 
complementary mixed loading conditions ( )''dE,d βααβΣ  where P stress and 6-P strain increments are 
prescribed (with three additional rotation conditions) yield a mixed matrix similar to [ ]EH~  which adds an 
applied strain component to [ ]ΣH~ . Due to the [ ]RFR ::  = ( )[ R⊗ ]FR ::  contribution from eq. (10), 
this matrix [ ]ΣH~   ≈ [ RFR ::- ]h  is always non local and so it is as well for all mixed boundary 
conditions. This two-term decomposition of the 
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in eq. (15). Due to 
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has for usual materials 
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definitions, shapes and arrangements that may affect both terms. For the two heterogeneity levels 
considered from eq. (3), the TFA-due part  of the effective stiffness reads: (RFR)H0
(RFR)H0 = ( )¦ ¦ ¦
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It shares between a contribution from the inter granular influence operators IJF  and a contribution from 
the intra-crystalline ones (J)(I)βαF  (with (I))g(0P α  = ). While the former 
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IJF  usually derive from the characteristic of the mean grain shape, the latter operators (J)(I)βαF  
are issued from the description given to the intra-crystalline plasticity. They vanish when the crystals are 
treated as plastically homogeneous.  
2.2. A description of multi-planar slip into a Multi-Laminate structure  
When considering that successive laminates are parallel to the different crystallographic orientations of 
the P slip planes in a crystal domain, disregarding the details of compatibility and equilibrium restrictions, 
the obtained description for the intra-crystalline slip and then for the plastic behavior law has revealed 
some interesting features for application to polycrystalline plasticity modeling. We here just recall the 
description assumptions and the resulting remarkable features:  
- The plastic strain is considered as homogeneous in domains where a single slip plane orientation is 
currently active and laminates structures correspond with at least two currently active slip plane 
orientations.  Taking the case of (111) octahedral slip planes in FCC crystals, P = 4 and  is 
the number of possible rank-(P-1) laminate structures; Each possible one 
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p(I) ; A statistically homogeneous rank-(P-1) laminate structure 
for slip is then step-wisely defined from the superposition of these P! heterogeneous plastic “modes” (h), 
weighted by their occurrence probabilities . This statistically defined multi-laminate-like morphology 
which is reconsidered at each increment is currently described by a  matrix of mean stress (resp. 
strain) influence operators of the form 
PP ×
(I)(I)βαF  = ¦
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for each I domain, where each 
rank-(P-1) laminate mode (h) contributes for one operator . Omitting the superscript “h”, the 
stress increments of the P phases in terms of the plastic strain ones reads for each possible mode: 
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)- The involved (  and πB ( )'ππF operators, for , are a special case of the ( P,1', ∈ππ ) (I)(I)(I) , βαα FB  
operators of eq. (11) for a domain I. Said shortly, for each of the laminate modes (h) among P! ones, each 
of the P stress concentration tensors (  in eq. (17) is a product ( ) of k 
stress concentration tensors while the  stress influence tensors 
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( )'': ππB ( ) )'k(''''' '')g( ::: ππππ ππ RBt'C))π) : Bg(R ( ) )g(t '' : πππ RB ( )g(''ππM( ) )'k(π'ππF) ::π Rg(R operators also read ( ) . Any weighted 
superposition of the P! different laminate modes (h) remains a similar linear combination of the same 
elementary operators. The main specific property of such laminate-like description of slip that results in a 
significant decrease of the TFA-due accommodation stiffness as pointed in [1], is the so-called 
“orthogonality property” which makes the products  be 
individually or collectively cancelled for particular orientations of laminates with regard to those of slip 
systems. Individually the condition reads:   
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The only laminate orientations, always ensured to exist, that fulfill this orthogonality property for some 
set of slip systems independently on their current slip activity are either those parallel to a slip plane or 
those normal to a slip direction, for respectively any group of coplanar systems in that plane or any group 
of collinear systems in that direction. Following the LEDs theory [17], such laminate structures for slip 
that result from dislocation gliding can be viewed as dislocation “carpets” and dislocation “walls” 
respectively, both arrangements being identified as main dislocation arrays of lowest possible energy 
resulting from crystal slip activity. 
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2.3. Extension to poly-crystals: the RML modelling 
This laminate-based modeling was likely to apply to poly-crystals from the observation that the modified 
Green operator integral for a grain-like inclusion, when written into discrete forms of its polar 
decomposition, is equivalent to the one of a multi-laminate structure having an ellipsoidal symmetry.  
According to the crystal previous case with P slip planes, the  intra-crystalline operators in 
yield for the intra-crystalline stiffness contributions the form (up to some stress concentration 
tensors  that may be disregarded without loss of generality): 
PP ×
RMLH0  ( πB
RMLH0 = ¦ ¦ ¦
π
πππ
π
π,π π,π
ππππ φ¸¸
¹
·
¨¨
©
§
⊗
(I)''
(I)''(I)'(I)
(I)''
(I)'(I) (I))'k((I))g(
(I))'k((I))'k((I))g((I))g( ::0P0P t'RR  (20). 
These contributions vanish if, , all the I∀ 'k'' 'g P0P0 πππππ φ  coefficients (no sum over repeated indices) 
are zero or negligible for the cases where the tensor products 
 are not cancelled by the orthogonality property (i.e. zero 
or negligible coefficients for the products in which ). This is nearly achieved in the defined 
multi-laminate structures for intra-crystalline slip since the cancelled TFA terms correspond to the slip 
planes of dominant incremental activity, i.e. those associated with the largest 
( ⊗ R ) '')'k()g()'k('')g( :::: ππππππ = t'RRt'R
''' π≠π≠π
'k''
'
g P0P0 ππππ
π φ  
coefficients. 
In comparison, the inter-granular influence operators IJF  present in the expression of  in eq. 
(16) depend on a unique operator , as 
(RFR)H0
Gt' ( GJIJIJ f/1 t'F δ−= ) .  The operator  characterizes the 
common shape attributed to the grains. Considering an ellipsoidal grain shape makes t'  uniform over 
the grain volume. This operator  can be decomposed into elementary operators as: 
Gt'
G
Gt'
          (21a) ( ) ( )³
Ω
ω ωωΨ= d
PGG t't'
where φθθ=ω ddsind
Ψ³Ω ω
G
( ) ¨¨
©
§
⊗ ³
Ω
π ::(J))'k((I)) R
 runs over the unit sphere in ,  is a characteristic weight 
function such that , and  is the laminate operator of ω-oriented normal in . 
From this polar decomposition, we can immediately notice that the tensor products 
 partly vanish thanks to the orthogonality property recalled 
previously. Thus, a straightforward extension of the proposed scheme to poly-crystals is the replacement 
in the inter-granular operators 
Ω
Pt'
¸¸
¹
·
ω
3R ( ) 0G ≥Ψ ω
( ) 1=ωd
( )Ψ ω
PG t'
( )ω 3R
( )ωπ dg(R
IJ
≈
F of the continuous decomposition in eq. (21a) by a discrete one 
defined as: 
G
≈
t'
(G)t'
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This discrete decomposition only involves laminates that are favorably oriented in terms of their 
contribution to the material overall stiffness, i.e. those of no stiffness contributions thanks to the 
orthogonality property. Physically, the “favorable laminates” for all crystallographic structures are those 
parallel to the slip planes of high activity in the aggregate, complemented with the laminates that are 
normal to the slip directions. As defined in eq. (21b), each laminate/platelet operator in is supposed 
to contribute in proportion to both the slip activity intensity on the associated slip plane and the grain’s 
concentration which this slip plane belongs to. But it furthermore remains dependent on the grain shape 
through the use of a discrete part of the grain shape  characteristic weight function. It is 
noteworthy that  is by definition a weighted sum of all the laminate components that participate in 
the intra-crystalline heterogeneities, such that in first approximation these intra-crystalline contributions 
are also accounted for, in average manner, by . Then, disregarding the terms that specifically 
represent the intra-crystalline heterogeneities, a one-level RML (for “Regularized and Multi-Laminate) 
modeling for poly-crystals results only from substituting  for . This modification, which 
amounts to removing a part of , can be seen as resulting from a (new) way to describe the overall 
poly-crystal morphology, in terms of a multi-laminate structure rather than of a grain aggregate. Actually, 
this way, in a classical TFA framework, appears to be more relevant than representing grains or sub-
domains by ellipsoids.  
(G)t'
( )( GωΨ
(G)t'
(G)t'
(G)t'
Gt'
Gt'
In aggregates, although the grains are the most often approximated as ellipsoidal for calculation 
simplicity, they much likely look like convex polyhedrons. Furthermore, intra-crystalline sub-structures 
building up during plastic deformation result in cellular partitions which are more likely polyhedral than 
ellipsoidal as well. It must be here stressed that whereas  is “exactly” the stress modified Green 
operator integral over a grain-representative ellipsoidal domain, the  operator as defined in eq. (21b) 
is not, and nor it is in general the mean modified Green operator integral over some other type of 
geometrical domain (G). However, indeed is, as defined, the exact operator of some Hierarchical 
Multi-Laminate structure that is here assumed to well characterize the poly-crystal current morphological 
microstructure. This is also true for  in eq. (21a) that, prior to being representative of a reference 
ellipsoidal grain, represents a heterogeneous morphology of ellipsoidal overall symmetry. The shape 
characteristic for this (G) structure also is by definition, the shape of its covariance iso-contours near the 
origin. From this (G) shape, eq. (21b) defines a mean weight function 
Gt'
( )Gt'
( )Gt'
Gt'
( )
( )G
ωΨ  that also specifies a 
characteristic mean 
( )G
t'  operator for (G).  Taking each term of  ( )
( )G
ωΨ  as a probability to meet a grain or 
sub-grain boundary normal to a ω direction, this mean weight function is representative of some 
statistically defined anisotropy of the orientation distribution of grain or sub-grain boundary facets in the 
aggregate. Thus, it can also be the interpretation given to the weight function introduced in eq. (21b). In 
this interpretation of the RML modeling, the fact that the selected elementary laminate operators in  
are only those parallel to slip planes in the structure, or normal to slip directions, corresponds to assuming 
that grain or sub-grain boundary facets are mostly dense crystallographic planes (i.e. generally at first the 
planes of easiest glide).  
( )Gt'
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Now a total suppress of unfavorably oriented platelets in eq. (21b) certainly is a radical short cut, that 
may be excessive and unnecessary according to the morphology details of the considered material, 
especially for ultra-fined and nano grains. This total suppress can be tempered using a graded model 
which rather than arbitrarily suppressing totally the unfavorable part of  in terms of effective 
stiffness, only partly reduces it according to realistic microstructural considerations on boundary 
orientation distributions that may in particular be grain size dependent.  From setting 
 in eq. (22b) with 
Gt'
I' (I'
( ) ( )³
Ω
ω ωωΨ= d
P(G)(G) t't' ( ) )ff/()ff(
)
G
)(I')(I'I'
G
(I)(I)I
(G) ¦¦
π
ππππω ΨΨ=Ψ  when 
(I)π=ω  or equals zero otherwise, an “α-graded operator” Gt'  has been introduced in [2] of the form: 
    ( )
( ) ( ) ( )( ) ( )³
Ω
ωω ωωΨα−+αΨ= d1
PGGG t't'      (22), 
where , what is simply10 ≤α≤ ( ) ( ) GGG 1 t't't' α−+α= . Regardless of the dependency of α with 
the grain size, this α-graded form of the RML modeling is made consistent with the “boundary-based” 
interpretation of the poly-crystal morphology description by Gt'  as introduced in eqs (22) for any grain 
size from coarse grains  down to the nm range .  ( 1=α )
) )
( )0→α
3. The RML modeling applied to the FCC structure case 
For sake of simplicity, we have considered aggregates of homogeneous and shape-invariant isotropic 
(spherical) domains for which the stress Green operator reads  =  = , with 
an isotropic weight function.  Only the full RML model ( ) is considered. Tensile stress-strain 
curves are obtained under the mixed loading conditions dE , . For all 
domains, we have assumed a zero total rotation tensor (around x3) so that  = 
. The crystallographic orientations are stepwise updated using  = 
 (resp. ). The elastic behavior is assumed isotropic with μ=30000 MPa and 
Gt'
1=
11
SPHt'
εd d
( ) πω)ω³
Ω
4/d( Pt'
11ij0ij ≠∀=Σ
plel
(I) dd αα −= ωω
g(d αn
α
=
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(I))(( 2/dd,0,0 (I))2((I))1( αα γ−γ
(I))g(el
(I)d
α
α ∧ nω
g(d αm
0.3=
(I))
ν  for the shear modulus and the Poisson ratio respectively.    
3.1. Crystal hardening description 
The simulations make use of a realistic local non linear and non convex crystal hardening law involving 
usual FCC stages I, II, III, taken under the form: 
g
cdĲ  =  = 
k
k
gk dh γ¦ ( ) ( )¦ γ
»
»
¼
º
«
«
¬
ª γ−Γ+γ+
−
k
k
c
gk
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qcaR1H
MaxMax
, for g=1,n      (23), 
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Taking ¦=τ
g
g
cgc Ĳf  as reference shear stress, the stage-II hardening is linear as long as a stage III 
threshold  is not reached and the “recovery function” R is conjectured to gradually reduce the 
hardening according to a Voce-type law with a (unique) saturation shear stress . Further assumptions 
on hardening parameters are  and  which are “smoothing” parameters appeared quite 
necessary in the context of a hardening law directly expressed in terms of the slip rates rather than in 
terms of density-weighted dislocation interactions: the coefficients  introduce a marked initial 
hardening anisotropy depending on the pair interaction types between systems which decreases towards 
isotropy first slowly during a stage I of single slip ( ) and then rapidly during a stage II 
where multiple slip operates ( ). The hardening modulus and parameter values that are used for 
the simulations are reported in Table 1 together with the critical shear stresses and the typical FCC 
hardening matrix is the one given in [17] of the form recalled in Table 2. The considered hardening 
anisotropy amplitude is reasonably consistent with the experimentally obtained ones for FCC metals such 
as copper or nickel for example. Note that the stage II slope is given by 
0IIIĲ
satτ
1ac =≈ gg
Max
 γ> Γ
1q >>
Γ
1agk >
 γ= γ= Max
γ≈τ dqHd c 0  = 
γ/300)= (γ dd100 μ . This 12x12 FCC matrix [a] is the constitutive diagonal block for the super-matrix 
involved in the extension to N-grain FCC poly-crystals, of dimension 12Nx12N. Off-diagonal blocks of 
this super matrix (which does not need to be inverted in the considered regularized flow law) can 
represent non local pair interactions between neighboring crystalline domains. 
 
Table 1. FCC crystal hardening coefficients and critical shear stresses (MPa) for the simulations.   
H0 p L g s C Q τ0 τ0III τsat n 
2 1 2.25 1.5 2.25 1 5000 2 13 25 100 
 
 
The reference ( p)ΕΣ,  curves of Fig. 1 exhibit for a set of typical crystal orientations the successive I, II 
and III hardening stages that are observed in FCC crystals. The orientation set is given in the inserted 
reference triangle. The stage I hardening is the more important when the farther from the symmetry zone 
<001>-<111> is the tensile axis. In the case of crystals of symmetric orientation, the missing stage I 
corresponds to stable multiple slip from the onset of plasticity. In the RML modeling, although the intra-
crystalline plasticity is taken homogeneous, whether it be single or multi-planar, the plastic flow is ruled 
by the regularized flow law given in eq. (1).  Exact symmetric axes would consequently all remain stable, 
what is not always realistic, but these exactly symmetric situations are unlikely enough to be disregarded. 
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Table 2. FCC crystal hardening matrix from [17] with 6 geometrical interactions pairs of slip systems: self-hardening (o), coplanar 
(p), collinear (l), Hirth Lock (n), Lomer-Cotrell locks (s), glissile junctions (g)  
 
 
3.2. FCC Polycrystal effective stress-strain curve from the RML modeling 
Taking a set of 9 typical crystalline orientations in equal weights from the pack presented in Fig.1 defines 
a polycrystalline structure with no specific texture. The obtained RML estimate of the poly-crystal 
stiffness, using the crystal hardening law described in the previous section is, as shown on Fig. 2, well in 
between the curves for the hardest and the softest single crystal orientation, all along the successive 
hardening stages. This is not the case when using the TFA modeling which, as for the previous 
simulations on 2D pseudo crystals, appears very unstable and difficult to run, owing to the excessive 
stiffness of the provided estimate.  
 
 
Fig. 1. MPa Stress-strain curves from the Regularized Schmid flow criterion for the crystal orientations in the reference triangle. 
154   Patrick Franciosi /  Procedia IUTAM  3 ( 2012 )  141 – 156 
The Fig. (2) also reports for comparison the average stress in the case when all the grains of the aggregate 
are assumed to suffer the same total strain, what corresponds to the Hill upper bound of homogeneous 
total strain. Because of the succession of hardening stages which result in non convex stress-strain curves, 
it is observed that the RML estimate overpasses this upper limit at large strain. The Fig. (3) reports the 
corresponding Energy for these two estimates to show that, in the limit of the 
numerical accuracy, the RML estimate does not overpass this upper limit.  
TT dE)E(³Σ=U
 
 
Fig. 2. MPa Stress-strain curves from 9 crystal orientations compared with the corresponding RML and Taylor estimates 
 
4. Conclusion 
Polycrystalline plasticity has been modeled in [1], [2] using a globally Regularized Schmid Law at the aggregate 
scale, while multiplanar slip is described as a multi-laminate like structure shown to allow the simplifying use of the 
Transformation Field Analysis as homogenization framework. So far, illustrations of the model efficiency have been 
reported for 2D pseudo-crystals with limited sets of pseudo slip systems. The present work reports a “full-size” 
illustration for real aggregates of FCC crystals. The simplified RML modeling which consists in substituting a 
laminate representative Green operator for the grain shape one when using the TFA homogenization scheme is 
155 Patrick Franciosi /  Procedia IUTAM  3 ( 2012 )  141 – 156 
confirmed to suppress most of the TFA-due over-stiffness when the laminate layers are parallel to the slip planes 
ornormal to the slip directions. It also appears to satisfy the upper bound of a homogeneous strain assumption.  
 
 
Fig. 3. MPa strain energy evolution for the RML and Taylor estimates of Fig. 2. 
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